UNCONDITIONAL BASES OF INVARIANT SUBSPACES OF A 
CONTRACTION WITH FINITE DEFECTS 



SERGUEI TREIL 

Abstract. The main result of the paper is that a system of invariant subspaces of 
a (completely non- unitary) Hilbert space contraction T with finite defects (rank(/ — 
T*T) < oo, rank(/ — TT*) < oo) is an unconditional basis (Riesz basis) if and only 
if it is uniformly minimal. 

Results of such type are quite well known: for a system of eigenspaces of a 
contraction with defects 1—1 it is simply the famous Carleson interpolation theorem. 
For general invariant subspaces of operators with defects 1 — 1 such theorem was 
proved by V. I. Vasyunin. Then partial results for the case of finite defects were 
obtained by the author. 

The present paper solves the problem completely. 
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serguei treil 
Notation 

C — complex plane 

D — open unit disc, D = e C : |C| < 1}; 

T — unit circle, T = dB; 

m, I . I — tlie normalized (m(T) = 1) Lebesgue measure on 

T; 

f{k) — kth Fourier coefficient of the function / defined on 

the unit circle T; f{k) =^ f{z)z~^dm{z); 
Pe — orthogonal projection onto a closed subspace E] 

C{. . . } — linear span of the set . . .; 

span{. . . } — closed linear span of a set . . .; 
if^, i?^, — Hardy classes 
H 



oo 
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H'' {/ e L2 : />) = for A; < O} , Hi Q H 

def |y g 2.°° : f{k) = for A; < O} . 

Hardy classes can be identified with the spaces of functions analytic in the unit 
disc D, sec [1]. 

— the set of all bounded measurable functions on T 
with values in the space of operators from E to E^; 
L'^[E), — vector Lebesgue and Hardy classes consisting of all 

H'^{E) functions with values in a (separable Hilbert) space 

^; 

H'^{E^E^) — the operator Hardy class H°°; 
P+, P_ — orthogonal projections onto H"^ and i?^, 

respectively; 

kx — normalized (||A^a||2 = 1) reproducing kernel in H^, 

, < . (1-||AP)^/^ 
^a(^) — ^ ■ 
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1. Introduction 

The main result of the paper is that a system of invariant subspaccs of a (completely 
non-unitary) Hilbert space contraction T with finite rank defect operators (rank(/ — 
T*T) < oo, rank(/ — TT*) < oo) is an unconditional basis if and only if it is uniformly 
minimal. Let us recall some definition and a background, that explains why this 
problem is interesting and important. 

We restrict ourselves to the case of a separable Hilbert space, although most of the 
definitions make a perfect sense in a Banach space as well. 

Let 7i be a separable Hilbert space, and let be closed subspaces of H. Here and 
below, unless the converse is stated, by a subspace we always mean a closed linear 
subspace. Suppose that the subspaces Sn arc linearly independent, that means that 
among all finite linear combinations ^ /„, /„ G Sn, only trivial ones (all /„ = 0) equal 
0. Assume also that the system of subspaces Sn is complete, i.e. H = span{£^„ : 

n— 1,2 }, where span{. . . } stands for the closed linear span of the set {•••}• If 

the collection {Sn '■ n = 1, 2, . . . } is finite, then it is a standard linear algebra fact 
that the system {Sn '■ n = 1, 2, . . . } is a basis for H, that means any vector f & Ti. 
admits a unique representation 

/ = f-eSn. (1.1) 

If the system {Sn '■ n = 1, 2, . . . } is infinite, the things become more complicated. 
It is natural to define a basis as a system such that any vector / admit a representation 
(1.1) where the series converges in the norm of Ti. And that is how bases in infinite- 
dimensional spaces arc defined. Clearly, to be a basis the system has to be linearly 
independent and complete. Unfortunately (or may be fortunately) for infinite systems 
it is not sufficient, and we shall show that below. 

There is a simple description of infinite bases due to Banach. To formulate it we 
need some notation. Given a complete linearly independent system of subspaces Sn, 
one can define (on a dense set C{Sn '■ n = 1, 2, . . . } consisting of all finite linear 
combinations of /„ e Sn) projections Vn 

n 

Pn(5]/fc)=5]/fc, fneSn. (1.2) 

k=l 

Theorem 1.1 (Banach Basis Theorem). A complete linearly independent system 
of subspaces Sn, n = 1,2, .. . is a basis if and only if all projections Vn defined above 
are uniformly bounded, \\'Pn\\ < C < oo. 

In the definition of a basis the ordering of subspaces Sn is essential, because the 
convergence of a series usually depends on the order. If we require that in the 
decomposition (1.1) the series converges unconditionally, i.e. independently of order, 
we obtain what is called an unconditional basis. 



4 



SERGUEI TREIL 



Unconditional bases admit a description similar to given by the Banacli Basis 
Theorem above. For a finite subset a of N, one can define on C{Sn '■ n = 1,2, . . . } 
projections Va 

Theorem 1.2. A complete linearly independent system of subspaces En, for n — 
1,2, ... , is an unconditional basis if and only if all projections defined above are 
uniformly bounded, sup^. < < oo, where supremum is taken over all finite 
subsets aofN. 

The above two theorems hold in any Banach space. In a Hilbert space we have 
a wonderful notion of an orthogonal basis. It is natural to consider bases that are 
orthogonal "up to isomorphism" , i.e. that can be transformed into orthogonal basis 
by a bounded invertible operator. Such bases are called Riesz bases. An equivalent 
definition is that a Riesz basis is a basis that is orthogonal in an equivalent Hilbert 
norm. 

It turns out that for a Hilbert space a system of subspaces is an unconditional basis 
if and only if it is a Riesz basis, [1, 3]. So in the sequel we will use both terms. We 

need a couple more of important definitions. With each Riesz basis one can associate 
a bounded invertible operator J' that maps this basis into an orthogonal one. Such 
an operator (which is clearly not unique) is called an orthogonalizer of the system of 
subspaces. 

It is convenient to "normalize" an orthogonalizer by assuming that its restriction 
on each subspace Sn is an isometry. Such "normalized" orthogonalizer is now unique 
up to a unitary multiplier on the left, and in what follows by orthogonalizer we always 
mean a normalized orthogonalizer. 

If i7 is a (normalized) orthogonalizer for a Riesz basis {£n}'^=i, then the quantity 
(^({^nl^i) — \\>J\\ ■ \\>J~^\\ could serve as measure on non-orthogonality of {^^n}^i- 

1.1. A little more geometry. We need couple more notions that generahze linear 
independence to the case of infinite system of subspaces. We say that a system 
{£n}'^=i is minimal if all projections defined on C{Sn '■ n — 1,2, ... } 

are bounded, and uniformly minimal if all P" are uniformly bounded sup„ ll^'^ll ='■ 
1/6 < oo. The constant 5 is called the constant of uniform minimality of the system 

One can easily see that the constant of uniform minimality 6 admits very simple 
geometrical interpretation, namely 

S = mi ini dist{/,£{4: M n} } (1.3) 
" /efn, 11/11=1 
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In other words, 6 is the greatest lower bound for the sine of the angle between £n 
and C{Sk '■ k n}}. 

If a system is minimal, one can define the so called hiorthogonal or dual 

system {E'r,}Z=i. 

It is easy to sec that a minimal system is uniformly minimal if and only if its dual 
is uniformly minimal. 

It is also trivial that any minimal system is linearly independent, any uniformly 
minimal system is minimal, any basis is uniformly minimal, and any Riesz basis is 
a basis. In general there are great gaps between any two of the above properties. 
For example consider a system of one dimensional spaces Sn = ■C{z"'} , n & N in the 
weighted space L'^{w) where w is a non- negative function (weight) on the unit 
circle T. Then the system is: 

1. Linearly independent iff w ^ 0; 

2. Minimal iff logw e L^; 

3. Uniformly minimal iS 1/w E L}\ 

4. Basis iff w satisfies Muckenhoupt {A2) condition, i.e. iff 




5. Unconditional (Riesz) Basis iff w G 1/w G 

Let us explain that a little bit. The statement 1 is trivial. Let us prove 2. The 
condition logw e is equivalent to 

distL2(^)(l,£{2'" : n > 1} > 0, 

that means the projection V^, ^Z]o° '^n-^") — OiQ ■ 1 \s bounded. Since for the 

projection V^, an-z" j = ai ■ 2; we have V^f = zV^z{I — P°)/, the projection 

is bounded. Similarly all projections P", ^X^o^ '^fe-^^) ~ (^n^^ are bounded. 

To prove 3 one need to notice that the system of positive exponents {2;"}^ is 
uniformly minimal if and only if the system of all exponents {z'^'}?^^ is. But for the 
last system the norms of all projections 7^", V^Yl '^k^^ — '^n^^ coincide, and it is an 
easy exercise on Cauchy-Swartz inequality to check that H^^P = JjW ■ Jj,w~^. 

By Theorem 1.1 the system is a basis if and only if sup^^ ||^n|| < 00, where 

'Pni^YlciikZ^^ = Yl^=Q'^kZ^- "^^^ l^-st is equivalent to the boundedness of the Riesz 

projection P_^_, P+^«„2;" = in the weighted space L'^{w). That is equiv- 

alent to the boundedness of the Hilbert transform T, T = —iP+ + i{I — P+) and it 
is well known (see [5]) that T is bounded if and only if w satisfy the Muckenhoupt 
(^2) condition. 



6 



SERGUEI TREIL 



To prove 5 notice that if is a Riesz basis, the norm || ^ akz'^\\L'^(w) is equiv- 

alent to the norm (X] loafer) — II ctfe-^'^IU^. The last is possible if and only if 
w, 1/w e L°°. 

As one can see here the gap between Riesz Bases and uniformly minimal systems 
is as big as the gap between and 

However sometimes the gap does not exist. For example, let us consider a system 
{kx}x^a of (normalized) reproducing kernels in the standard Hardy space 

1 — Xz 

where cr is a countable subset of the unit disk D. Note that ||A;a||2 = 1- Then the 
corresponding system of one dimensional subspaces £x — jC{kx} is a Riesz basis (in 
its closed linear span, not in all H^) if and only if it is uniformly minimal (as it was 
mentioned above the "only if" part is trivial). 

Let as explain that in little more details. It is not a difficult exercise to compute the 
norm of the projection which is the projection onto C{kx} with kernel span{A;^ : 

e (7 \ {A} }. Namely, cf [1, Lecture VI] 



r'ii=( n iMA)i)"\ 



^ea\{A} 

where bx is a Blaschke factor, bx{z) =^ (|A|/A)(A — z){l — Xz)~^. The condition 
sup;^ IjP'^ll < oo is then nothing but the famous Carleson condition 

inf n MX)\^:S>0, 

MGct\{A} 

that is necessary and sufficient condition for free interpolation in H°° (and 6 is exactly 
the constant of uniform minimality of the system {kx : A G a}, see Section 1.1). 
Therefore given a finite subset ai C a one can find a function (p e H°°, \\^\\oo < C — 
C{5), such that (/^(A) = 1 for A e (Ti and ip{\) = for A e cr \ (7i. Then 

P+^/ca = kx A e (Ji and ¥+Tpkx = A e cr \ Ui 

Therefore for any / e C{kx : A G cr} the projection onto span{/cA : A G cri} 
with kernel span{A;A : A G cr \ cri} is given by the formula 

and therefore \\Va^\\ < ||v^||oo < C* = C{5). So by Theorem 1.2 the system {kx A G 
cr} forms a Riesz basis in its closed linear span. 

Let us note that it is possible to obtain directly from the above Carleson interpo- 
lation condition that the system {kx A G cr} is a Riesz basis and then get the result 
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about free interpolation in H°° using Sarason's theorem (a particular case of the Sz.- 
Nagy-Foia§ commutant lifting theorem). This scheme was realized in [1, Lectures 
VI, VII]. 

The connection between free interpolation in and the geometry (an uncondi- 
tional basis property) of corresponding sequences of reproducing kernels in was 
first independently noticed by Nikolskii and Pavlov [6] and Katsnelson [2] in late 60's. 

2. The main result 

As everybody famihar with the Sz.-Nagy-Foia§ functional model for a contraction 
know the system of reproducing kernels {k\ : A £ cr} has very simple operator- 
theoretic interpretation. It is simply a general form (up to unitary equivalence) of 
a system of eigenvectors of a completely non-unitary contraction with defect indices 
1-1. 

Let us remind that a contraction T is called completely non-unitary if there exists 
no reducing subspace such that the restriction of T on this subspace is a unitary 
operator. Since the theory of unitary operators is very well developed it seems very 
natural to "cut off" such unitary part of T (if it exists) and consider only completely 
non-unitary contractions. 

For a contraction T one can consider the so called defect operators D = (^I~T*TY^'^ 
and = (^I—TT*)^/"^ and the corresponding defect indices d = rankD, = rankD*. 

It seems natural to consider a general invariant subspaces of a contraction, and 
also not only contraction with defect indices 1-1, but with finite defect indices. It 
was proved by Vasyunin [10] that for an operator with defect indices 1-1 a complete 
system of invariant subspaces is a Riesz basis if and only if it is uniformly minimal. 
Then it was proved by the author that the same result holds for a system of eigenvec- 
tors of a contraction with finite defects [7, 8] , and for a system of invariant subspaces 
of a contraction whose characteristic function is co- inner [9] . 

The main result of this paper is the following theorem. 

Theorem 2.1. Let T be a completely non-unitary Hilbert space contraction with 
finite defect indices d, d^, and {Sn : n = 1,2, . . .} be a complete system of T -invariant 
subspaces. Then the system : n = 1,2, ...} is a Riesz basis if and only if it is 
uniformly minimal 

Remark 2.2. Let us note that in the paper we do not discuss the completeness at 
all. There are many results about when a system of eigenvectors, or of generalized 
eigenvectors of an operator is complete. We are interested in the question when 
a system is a basis in its own closed linear span. So in the statement of the above 
theorem we can omit the assumption that the system {Sn '■ n = 1, 2, . . . } is complete. 
In this case the conclusion will be "the system is a Riesz basis in its own linear span" 

As it was already said this theorem for an operator with co-inner characteristic 
function was proved by the author in [9] . The presentation below mostly follows [9] . 
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The main difference is the author now understands how to cope with outer part of 
the characteristic function. It turns out that one does not need anything fancy to 
deal with the outer part: it can be shown that by pretty trivial reasons the influence 
of the outer part can be eliminated. 

Practically all new (comparing with [9]) techniques is contained in Sections 6, 7. 
However, presenting only this sections and saying that one can easily modify the 
construction in [9] to get the result, is a sure way to make an unreadable paper that 
can be understood besides the author by a couple of experts at best. So for the sake 
of readability and to make the paper self-contained the author needs to repeat the 
main lines of [9]. 

3. Idea of the proof of the main result. 

The very general idea of the proof is quite simple. We need the following well know 
theorem (see [1, 3]) about Riesz bases. 

Theorem 3.1. A complete system of sub spaces n — 1,2, . . . is a Riesz basis if 
and only if it is uniformly minimal and the following two "imbedding theorems 

1- En\\Pejr<c\\fr 

2. En\\PejT<C\\fr 
hold for the system and its hiorthogonal (dual) system S^, n = 1,2, . . . . 

The main part of the proof is to show that if a system of invariant subspaces Sn, 
n = 1,2,... (of a completely non-unitary contraction T with finite defects — I will 
omit that in the sequel) is uniformly minimal, then the imbedding theorem 1 from the 
theorem holds. If we do that we are done, because the dual system £'^^. n = 1,2,... 
is also uniformly minimal (trivially) and are clearly invariant subspaces of the 
adjoint operator T* , which is of course a completely non- unitary contraction with 
finite defects. 

According to the Sz.-Nagy-Foia§ functional model (see [4]) any (completely non- 
unitary) contraction in a separable Hilbert space admit the following representation 
(unitarily equivalent to the following operator): 

Consider two Hilbert spaces E, and construct a space Ti = H'^{E) © L'^{E^). 
Let S denotes the shift operator in H, i.e. the multiplication by the independent 
variable z, 

• f{z) \ ^ f zf{z) 

and let S* be the adjoint of S 

A ^ / (/(^) - /(o))A 

Sz.-Nagy-Foia§ functional model theory says that any completely non-unitary con- 
traction can be represented as a restriction of a backward shift 5"* onto its invariant 
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subspace /C C H^{E) © L'^{E^), where diuiE ^ rank(l - T*T), diuiE^ = = 
rank(l -TT*), 

So we reduced our main theorem (Theorem 2.1) to the following one 

Theorem 3.2. Let £n, n = 1,2, ... he a system of S* -invariant suhspaces in 
H^{E)Q)L'^{E^), dimE' < oo, dim£'* < oo. Suppose that the system n — 1,2, ... , 
is uniformly minimal, and let 5 be the constant of uniform minimality. Then the 
imbedding theorem 

n 

holds, where C = C{S, dim E, dim E^) . 

To prove the theorem we first need to remind the reader the description of S*- 
invariant subspaces. 

4. 5"- AND 5'*-INVARIANT SUBSPACES OF H'^(E) ® L'^{E^) 

We need the following well known (see [1]) description of ^'-invariant subspaces in 



H^{E) © L'^{E^). Let us represent the space H'^{E) © L'^{E^) as the set 



H\E) 
L\E^) 



consisting of all columns ( ^ ) > / ^ H^(E), g e Lr{E^). 



H'^( E) 

Theorem 4.1. Let M. be an S -invariant subspace of [ ^2/ 771 \ ], SM. C M.. 



L\E, 

Then there exist a contractive analytic operator function © e H°°{Ei-^E), an oper- 
ator function A e L°°{Ei-^E^) and a function P G L'^^E^-^E^) whose values are 
orthogonal projections in E^, such that ©*© + A* A = I, RangeA(^) ± RangeP(^) 
a.e. on T and 



(H'^(E) \ 
L'^{E ) ) ^'^^^^^ ^ represen- 
tation 

IC — /Ce,A,p ~ 2^2(^^ ^ © Me,A,P 
where Aie,A,P '^^'^ ®' ^ from the previous theorem. 

Remark 4-3. Clearly if functions 0, A, P satisfy the assumptions of Theorem 
4.1 then the corresponding subspace A1e,A,p is ^-invariant. So, Theorem 4.1 and 
Corollary 4.2 give us a complete description of S'-invariant and 5'*-invariant subspaces 
respectively. 
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Remark 4-4- If -E"* = {0} Theorem 4.1 and Corollary 4.2 give a complete descrip- 
tion of S and S'*-invariant subspaces of H'^{E). In this case G is an inner function, 
i.e. is an isometry a.c. on T, A = 0, P = and 

M = M0 = QH\E^), lC = lCe = H\E)eQH\E^) 

5. Imbedding theorems 

For inner functions ©„ the following results that were proved in [9]. 

Theorem 5.1. Let 9n, n & N be a sequence of (scalar valued) inner functions in 
H°°. Let ICg^ := OnH"^ and let Pe^ denote the orthogonal projection in H"^ onto 
Kg^. Then the imbedding theorem 

T.\\P^J\\"^^\W ^f^H' (5.1) 

n 

holds if and only if 

sup V(l-|^„(A)|2)=C<oo (5.2) 

Moreover the norm of the imbedding operator can be estimated above by a constant 
depending only on C. 

The following generalization of Theorem 5.1 to the case of matrix valued inner 
functions also can be found in [9]. 

Theorem 5.2. Let 0^, n G N 6e a sequence of matrix valued inner functions 
("9n(0 isometry a.e. onT) in H°°{En-^E). Let KLq^ := H"^ ©n-^"^ and let 

Pe^ denote the orthogonal projection in onto Kq^ . Then the imbedding theorem 

E 11^0-/11' ^C-ll/ir yfeH' (5.3) 

n 

holds if and only if 

sup V(||e||' - ||©„(A)*e|n < C"||e||' e E (5.4) 

AeD 

n 

Moreover the norm of the imbedding operator can be estimated above by a constant 
depending only on C and dimE". 

If we assume that determinant of non-square matrix is by definition, then the 
condition (5.4) immediately follows from 

sup y (1 - I det en(A)n < C" < oo (5.5) 

and moreover C from equation (5.4) is estimated above by C" from (5.5). Clearly, 
if condition (5.5) holds there are only finitely many non-square matrices among ©„. 
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Our goal is to show that if the system /Ce„,A,i,p„, n & N (functions 0„ are not neces- 
sarily inner) is uniformly minimal, then condition (5.5) is sufficient for the imbedding 
from Theorem 3.2 and then to prove that this condition takes place. 

6. Some auxiliary results. 

Let /Ce,A,p = (A1g,a,p)"'" be 5'*-invariant subspace of f ^2^-^ j see Section 4, 
Corollary 4.2. 

Let kx denote the normalized reproducing kernel in H^, 

1 — Xz 

(note that ||/cA||i?2 — 1)- 

f\^( H\E) 
9 \ L'{E.) 



Lemma 6.1. Let [ •' 1 e I I- Then 



Wp(^) = (A)if+(e-/ + A-9) + (^;^ 

In particular if f — k\e, e & E, then 

Proof. Let A4 :— M.e,A,p- Recall that M. admits the decomposition 

M = Me,A,p = ( A ) ^'^^i) ® ( pJ{E,) ^=-M,®M2, 

see Theorem 4.1. Therefore Pm — Pmi + Pm2- 
It is easy to see that 

■ / ^ _ ^ 



p. 



To write down a formula for Pa4i consider an isometry V : H'^{Ei) [ ^2 



9 J \P9 , 

L\E,) 

^/ = ( A/ ) ' / e ^'(^i)- 
Clearly M.i — Ranged, therefore Pmi — VV*. Direct computations yield that 

Pm, ( ^ ) = ( ^ ) == ( A ) P+(e7 + A*^) 
The statement about kxe follows immediately from the trivial equality 
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□ 



Corollary 6.2. Let f e H^{E). Then 

dist{ ^ ) , /Ce,A,p} = ||P+e7ll 

Proof. Applying Lemma 6.1 and using the fact that the operator ^ ^ 
etry we get 



IS an isom- 



/ 

Me,A,p I g 



® jp+ev 



Remind that kx denote the normalized reproducing kernel in H^, 

1- |AP)V2 



kx{z) : 

(note that ||/cA||if2 = 1). 

Corollary 6.3. Let ee E. Then 



1 - Xz 



dist 







.6711 



□ 



Proof. Trivial corollary of Lemma 6.1. □ 
In the following lemma we assume that for a non-square matrix function 

the determinant is defined by det © = if dim Ei < dim E and det © = 1 if dim Ei > 
dimE. 

( H^(E) \ 

Lemma 6.4. Suppose a system of subspaces A4e„An,Pn> n G N in I ^^^(E' ) j ' 

0„ e H°°{En-^E) is uniformly minimal with the constant of uniform minimality at 
least S. Then there exists a positive constant s = e{S,dimE) such that any point 
A e D is covered by at most d :— dim£' sets {z & B> : |det©„(2;)| < s'^}. In 
particular, at most d matrices ©„ satisfy dim£'„ < dim£^. 
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Proof. Given a point A G D let us suppose there exist more that d := dim E functions 
0„ such that I det 0n(A)| < e'^. Without loss of generality one can assume that these 
functions are 0i, 02, • • • , 0d+i (part of these functions can be non-square). 

For k — 1,2, . . . , dim£'-|- 1, one can find vectors Ck E E such that ||0fc(A)*efc|| < £, 
k — 1,2, ... , dim E+1. Note that if a function 0„ is non-square and dim En < dim E, 
one can find a vector e„ such that 0„(A)*e„ — 0. By Corollary 6.3, 

dist|(^ ,/Ce„A.,P.}<^- 

Subspaces ICe^^^A^^Pk uniformly minimal, so for small enough e = e{S, d) vectors 
kx^k, k = 1,2, . . . , dimE + 1 are uniformly minimal as well, and so are the vectors 
efe. In particular vectors are linearly independent. But is is impossible because we 
have more that dim E vectors. □ 

Lemma 6.5. Let f E L^(E^). Then 

dist{ ° ) , JCe,A,p} = (lli^/ir + l|P+A7ir)^/^ 

Proof. Trivial Corollary of Lemma 6.1. □ 

The following lemma can be viewed as a "boundary analogue" of Lemma 6.4. Let 
us remind that for a subspace /Cg,a,p, RangeP(^) L RangeA(^) a.e. 

Lemma 6.6. Assume that a system /Ce„,An,Pn? n E N be uniformly minimal. 
Let (7fe denote a Borel support of A^, and Tk be a Borel set where RangePfc(^) © 
Range Afc(^) ^ E^. Then almost all points ^ G T are covered by at most d^ := 
dim£^* sets au and by at most d^, sets Tk- In particular, at most d^ functions 
0„ G H°°{En-^E) satisfy dimE„ > dimE. 

Proof. Let denote a Borel support of A^. Consider all intersections of rf* + 1 
sets ak (there are countably many such intersections). If all such intersections have 
measure 0. the conclusion of the lemma is true. Suppose that there exists d^-\-l sets 
(Tfe such that their intersection has positive measure. Without loss of generality we 
can assume that these are set cti, (72, . . . , cr^^+i. 

Take functions fk G L'^{E^) such that fk{0 £ RangeAfe((^), ||/a;(C)|| = 1 on ak and 
/fc(0 = for C ^ o-fe. 

Let us approximate functions fk uniformly by simple functions fk, fk — Xa^^ki 
where aj,, j — 1,2, .. . is a disjoint measurable covering of Ufe, e;^ G ||e^|| = 1 and 

WfkiO - fkim < S/md. + 1)) a.e., (6.1) 

where S is the constant of uniform minimality of the system /Cen,A„,p„, n eN. 

Since for each k — 1,2,... ,d^ + l sets cover ak, one can find sets al'', k — 
1,2,... ,d* + l with intersection a of positive Lebesgue measure. Define functions 
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dk = iTi{a) ^I'^XaC^k ~- n^i'^) ^^"^Xa^k (fo^ the brevity of notation we skip the index 
jk). Note that \\gk\\ = 1. 

Lemma 6.5 imphcs that that for big enough n G N 

dist ( ) ' ^QkAk,Pk } < S/{10{d, + 1)) , A; = 1, 2, . . . , 4 + 1 , 

where S is the constant of uniform minimahty of the system /Ce„,An,fn) n ^ N (we 
can get as close to (5/(20((i* + 1)) as we want, see (6.1)). We know that the system 
of subspaces /Cefc,Afe,Pfc is uniformly minimal. Therefore, for big enough n the system 
of functions z^^gk = 'm'{a)^^^'^z^Xa^k, /c = 1, 2, . . . , + 1 is uniformly minimal. That 
implies that the system of vectors G E^, k — 1, 2, . . . , + 1 = dim£'* + 1 is 
uniformly minimal, and that is impossible. 

To prove the statement about let us first notice that if /(^) _L RangeP(^) © 
RangeA(^) a.e., then by Lemma 6.5 

y. ^ G /Ce,A,p ■ 

Suppose that there exist rf* + 1 = dimi?* + 1 sets with intersection ofr positive 
measure. Again, as before, we can assume without loss of generality that these sets 
are Ti,T2 ... ,T(1^+i- Take functions fk G L°°{E^) such that /({) _L RangeP((^) © 
RangeA(^), — 1 ^--S- on r^, and fk{^) — 0, ^ ^ Tk- Then we approximate 

functions fk uniformly by simple functions fk, fk — Xa^^i^ where al, j — 1,2, .. . 

^ k ^ 

is a disjoint measurable covering oi ak, G E^, ||ej.|| = 1, and fk satisfy (6.1). 

Again as above we find sets r^'' , k = 1,2, . . . , d^: + 1, such that r := fl^^^yr^'' has 
positive measure. Define Qk '■— {'iTi{T))~^/'^XT^'k ~- {''T^{'^))~^^'^XT^k- Then 

dist { ( ) , ^G„A„p, I < d/{10{d, + 1)) , A; = 1, 2, . . . , + 1 , 

and we can conclude that the system g^fe; ^ = 1) 2, . . . , ci* + 1 is uniformly minimal. 
So the vectors form a uniformly minimal system, what is impossible. □ 

Let us remind that Pe,A,P denote the orthogonal projection onto /Cg,a,p- 

Lemma 6.7. Let g = ^ j ^ ^ ^ L'^{e \ ^' '^"^ system of subspaces 

^enAn,Pn unifoTmly minimal. Then the following imbedding holds, 



E \\Pe.A.,P.9\? < 2dimE. ■ \\g\\\ = ( ^ ) G ( ) 
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Proof. Let Ufc, be the sets from Corollary 6.6. By Lemma 6.5 

= ii/ip-ii^n/ir-iip+A:/ii^ = 
= / \\fm'dm{o+ I wfm'dmio - wPnfr - w^+Kft < 



O-nUTn T\((T„Ut„) 
< 

T-n T\(cT„Ut„) 

l2j^/^\ / II i-/r"M|2 T_/^\ , / ||^/,-\||2, 



/ mm'dmio + J mordmio + J wmwdmio 



WPniomwdmio = J \\f{ordm{o+ J mordmio 

T\((T„Ur„) (Tn Tn 

Here in the last equality we used the fact that RangeP„(^) = ii^* on T \ (cr^ U r„). 

Taking the sum over all n and applying Corollary 6.6 we get the required imbedding 
theorem. □ 

7. Reduction to a scalar imbedding theorem 

In this section we want to prove the following theorem. Recall that Pe,A,p stands 
for the orthogonal projection onto /Ce,A,p 

Theorem 7.1. Let dim£' < oo, dim£'* < oo. Suppose that the system of sub- 
spaces )CenAn,Pn UTiiformly minimal and 

supy(l- |dete„(A)n =: C< oo. (7.1) 

Then the imbedding 

E \\P^r.A.,pJf < C'Wff (7.2) 

n 

holds for all f E ^ ^('^j ^ ^^^^^ moreover, 
a = C'{C, dim dim ^,). 

First of all let us remind that by Lemmas 6.4 and 6.6 at most dim E' + dim 
matrices 0^ are non-square, so one always can omit this non-square terms without 
influencing the imbedding theorem. 

If we would be able to show that the uniform minimality of the system of subspaces 
/Ce„,A„,p„ implies the condition (7.1) the main result would be proved. Indeed, The- 
orem 7.1 then implies the imbedding (7.2), which is exactly the first imbedding in 
Theorem 3.1. (Formally, for the imbedding 1 in Theorem 3.1 we need only (7.2) for 
/ e span{/Ce„,A„,p„ : ^=1)2,...}, but of course it is the same.) 
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The dual system to ICenAn,Pn^ n = 1,2, . . . is a system of invariant subspaces of 
T* , and T* is a completely non-unitary contraction with finite defects. It can be 
represented as (unitarily equivalent to) a system of subspaces /Cej^A^.^n ^ space 

L (E) ) ' ^^^^^ ^fi' some operator valued functions. It is possible to 

write some formulas to relate 0„, A„,P„ and 0^, A[j,P^, but we do not need that!. 
We know that the dual system is of course also uniformly minimal, so we can apply 
Theorem 7.1 without even knowing anything about functions 6^, A^, P^. We get 
another imbedding from Theorem 3.1 and we are done. 

To prove Theorem 7.1 we need the following result. Let P_ denotes the orthogonal 
projection from onto H^. 

Theorem 7.2. Let Fn be a sequence of functions, Fn G H°°. Then the imbedding 

J2 \\^-Fnf\\l < C\\fr V/ e 

n 

holds if and only if 

sup J](|F|^(A) - \F{X)f) =: < oo; (7.3) 

here |Fp(A) denote the harmonic extension of \F\ |T at the point \ E D. Moreover, 
the constants C and C are equivalent, i.e. A~^C < C < AC where A is some 
absolute constant. 

Proof Consider a Hankel operator Hp : ^ Hl{f ) = <^ i'^ 

{H^f),:=H^J = ¥_F,f. 

In other words the symbol F of the Hankel operator is the column with entries 
Fk,k = 1,2,... 

Then the sum in (7.3) is the square of an equivalent BMO norm (the so-called 
Garsia norm) of the function P_F. It is well known that for Hankel operators whose 
symbol is a column F the norm of the corresponding Hankel operator and the BMO 
norm of P_F are equivalent. For scalar case this fact is contained in all textbooks, 
and for general case the proof follows the lines there. Note that the result does not 
hold for Hankel operators with general (operator-valued) symbols. It is essential that 
our symbol has only one column. □ 

Corollary 7.3. Let Fn be a sequence of operator valued functions, with 

Fn e H°°{En-^E). 

Then the imbedding 

El|P-^n7||^=:q|/||^ \lfeH\E) 
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holds if and only if 
sup 



e€E, 



sup 

=1 AeB 



J2i\\^nem - WFniXyer) =:C"<oo; 



(7.4) 



here \\F*e\\'^{\) denote the harmonic extension of the function \\F*e\\'^ defined the 
unit circle T to a point A e D. Moreover, the constants C and C are equivalent, i.e. 
A~^C <C'< AC where A depends only on dim£^. 

Proof. Consider a restriction of the imbedding to the functions / of form f = ipe 
where ip is a scalar H"^ function and e e £^ is a fixed vector, ||e|| = 1. The condition 
(7.3) guarantee that the imbedding holds on that functions. Consider an orthonormal 
basis {en}n=i, d := dim in E. Then the space H'^[E) is an orthogonal sum of 
subspaces 7ik, Ti-k consists of all functions of form f = ipe where is a scalar H'^ 
function. We have imbedding on each Hk and since there are only finitely many of 
them, the imbedding holds on H'^{E). □ 

Proof of Theorem 7.1. By Lemma 6.7 it is enough to check the imbedding on vectors 



H^{E) 
L\E) 



Pe. 



By Corollary 6.2 

= ii/ir-iip+e7ir< 

< ||(/-ee*)V2/||2 + ||e*/||2 



|P+©7II' = 
= ||(/-ee*)V2/||2 + 



So 



n ^ ' n n 

First of all, by Lemmas 6.4 and 6.6 at most diimE + dim£'* matrices ©„ are non- 
square. So we can assume that in the sum we have only square matrices, in other 

words that 0„ G H°°{E^E) and det 0„ are well defined. 

The condition (7.1) clearly implies (because 0n(O) ^ I' are contractions) 

sup sup y ^(1 — ||€)„(A)*e|p) < oo , 

eeS, ||e||=l AeD 



and the last condition implies 



sup sup 

ee^;, ||e||=l AeD 



|e:e| 



'(A)-||e„(A)*e||2)<oo. 



By Corollary 7.3 that implies 

El|P-e:/ir<c||/ir yfeH^E), 
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SO we estimated the second sum in (7.5). 

To estimate the first sum, let us denote by an a Borel support of A„, see Corollary 
6.6. For ^ G T \ an operators 0n(O isometries, and since we assumed 0„ e 
H^{E^E), dmiE < oo, it follows that (7 - ©n(OQn(0*) = for ^ e T \ (7^. 
Therefore 

ii(/-e„e:)vvii^< / imrdmio- 

J an 

By Corollary 6.6 almost all points of T are covered by at most dim£'* sets (7„ and 
tliGrBforB 

^||(/-e„e;)VV||2<dim£;.||/||2 

n 

so we estimated the first sum in (7.5). □ 

So we made one more reduction. Now to prove the main result (Theorem 2.1) it 
remains to show that the uniform minimality of the system of subspaces /Ce„,A„,p„, 
n — 1,2, . . . implies the condition (7.1) 

8. Geometry of vector reproducing kernels. 

Consider in a Hilbert space 7i a system of subspaces n = 1,2, ... . Suppose 
that the system is a Riesz basis, and let it! be a normalized orthogonalizer for this 
system, see Section 1.1. Let us remind that an orthogonalizer is a bounded invertible 
operator that maps the system Sn, n = 1,2,... into an orthogonal one, and the 
"normalized" mean that R\£n is an isometry for all n. 

It follows from the definition of the normalized orthogonalizer that orthogonalizer 
that for any (finite) set of vectors /„ e En 

n n n 

We need the following simple lemma. 

Lemma 8.1. Let a system of subspaces Sn, n = 1,2, . . . in a Hilbert space H. he a 
Riesz basis, and let R be its normalized orthogonalizer. Then for a Hilbert space E 
the system £n® E , n = 1,2, . . . inTl<S>E is a Riesz basis and R<S>Ie is a normalized 
orthogonalizer for this system. 

We apply this Lemma in the following situation. Consider a countable subset 
cr C D, and let {kxjx^a be a system of normalized reproducing kernels in H^, 

1 — Xz 

W^xh = 1- 

Suppose the system {kx}x^a is a Riesz basis (i.e. the system of corresponding one- 
dimensional subspaces is a Riesz basis), and let it! be its (normalized) orthogonalizer. 
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In our case it is simply an operator that maps the system {A;a}ag<t into orthonormal 
system. The following result is a simple corollary of Lemma 8.1 

Lemma 8.2. Let the system {A;a}ago- be a Riesz basis, let R be its orthogonalizer, 
and Let E he a Hilhert space. Then for any finite set of vectors f\ & E 

ii^ir' E ii/Air ^ II E ^^/^f < p-^ir 5: ii/ai 

A6(T A6<T Aeu 



|2 



Proof. The statement of the lemma is simply the inequality (8.1), because by Lemma 
8.1 R(E)I is a normalized orthogonalizer of the system {spa.n{kx}®E}xea, Siud clearly 
\\R^I\\ = \\R\\, = □ 

We need several well known facts about geometry of a system of (scalar) reproduc- 
ing kernels. The following theorem can be found for example in [1]. 

Theorem 8.3. The system of reproducing kernels {kxjx^a is a Riesz basis if and 
only if the set a is an interpolating set, 

inf TT \b^{X)\ =: 6 > 

Ago- 

ij.e(7\{x} 

where b\ is a Blaschke factor, b\{z) *== (|A|/A)(A — 2;)(1 — A^;)^"*^. 

Moreover, the measure of nonorthogonality \\R\\ ■ of the system (R is a 

normalized orthogonalizer) admits the estimate above by a constant C{5) depending 
only on 5. 

Let 9n be scalar valued inner functions in H°°, and let JCe^ denote the corresponding 
5'*-invariant subspace, }Co„ :— H'^ OnH'^- 

We need the following theorem that was proved by Vasyunin in [10], see also [1, 
Lecture IX] 

Theorem 8.4 (Vasyunin). Let the system of subspaces JCe^, where 6^ are scalar 
inner functions in H°° , he uniformly minimal and let 5 he its constant of uniform 
minimality. Then the system is a Riesz basis, and there exists a constant CV{5) such 
that the measure of non- orthogonality • (recall that R is the normalized 

orthogonalizer of the system) admits the following estimate 

\\R\\ ■ \\R-^\\ < CV{5) 

Remark 8.5. The above theorem can be also proved using Theorem 5.1 above. To 
do this it is enough to notice that the uniform minimality of the system of subspaces 
ICe^ implies 



infinf L„(A)| + ni^^(A)|U: 5' > 
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and that 5' < 25, see [1, Lecture IX]. The above condition imphes (5.2) from Theorem 
5.1, and therefore the imbedding (5.1). The dual system has the same geometry, so 
the imbedding for the dual system holds automatically. 

8.1. Carleson measures and bases of reproducing kernels. For an arc / C T 
let S{I) denote the Carleson square, 

S{I) ■={zeB : z/\z\ G /, 1 - |/| < \z\ < 1} . 

A measure jj, on the disk D is called Carleson if 

sup \ , =: X < oo; 

here supremum is taken over all arcs / C T. 

The constant K is called the Carleson norm of the measure /i. 

The following theorem is well known, see for example monographs [15, 1]. 

Theorem 8.6. Let /i be a measure in D. The following statements are equivalent 

1. The measure fj, is Carleson; 

2. supj^gjj / \kx{z)\'^dfi{z) =: K' < oo, where kx is the normalized reproducing ker- 
nel ofH^, kx{z) = (1 - |AnV2(i _ 

3. the imbedding 

I \f{z)\'dy^{z)<K"\\f\\\ feH' 
Jn 

holds. 

Moreover, the Carleson norm K of /i, the constant K' and the best possible K" are 
equivalent in the sense of two-sided estimates with some absolute constants. 

The following description of interpolating sets is well known an again can be found 
for example in [15, 1] 

Theorem 8.7. The set cr C D satisfies the Carleson interpolation condition 

inf TT |6^(A)|=:5>0 

/iea\{A} 

if and only if 

1. The points of a are separated in hyperbolic metric, i.e. 
inf {|6A(Ai)| : A, /i G (x, A 7^ } =: « > 0, and 

2. the measure Ylix&ai^ ~ I-^H^A; where 5\ stands for the unit mass at \, is Car- 
leson. 

Moreover the Carleson constant 5 can be estimated by the constant depending only 
on a and the Carleson norm K of the measure 

5 > 5{a,K), 
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and vice versa K and p can he estimated by constant depending only on 5, 

K < K(5), a > a(5) 
In [15] the estimates are not stated, but they are contained in the proofs. 

9. CaRLESON CONTOURS 

We need the following result 

Theorem 9.1. Given e > there exists e' = e'{e) > 0, e' < e such that for any 
(f e H°°, ll/lloo ^ 1 one can find a region O satisfying 

{zeB : \^{z)\ <e'} C O C {z eB : \^{z)\ < e} 

and such that the arc-length on 7 := dOCiB) is a Carleson measure with the Carleson 
norm bounded by an absolute constant K . 

This theorem was proved in [16]. More precisely it was proved only for inner 
functions, but the same proof works for general H°° functions as well. There was 
also a slight inaccuracy in the proof, so for the sake of completeness, and to make 
the papers self-contained, we present the proof in the Appendix. 

The boundary (9(9 flD of O is usually called a Carleson contour for ip. There exists 
quite a few constructions of such contours. Wc chose the Bourgain's construction 
because for our problem it is essential the the Carleson norm of the arc-length on dO 
does not depend on e (at least this makes our life a lot easier). 

10. The MAIN CONSTRUCTION 

Let us pick a small e and for each n construct a Carleson contour for det 0„. The 
constant e will be chosen later. For now we only assume that it is less or equal than e 
from Lemma 6.4. As it was said above we can assume without loss of generahty that 
all matrix-functions are dx d matrix-functions, so determinants are well defined. 

So we have open sets On with rectifiable boundary dOn, such that 

e D : I dete„(z)| < e"^} C C e D : |e„(^)| < {sY) 

and the arc- length on 7„ := dOn fl D is a Carleson measure with Carleson norm at 
most K. 

Let us recall that the hyperbolic distance between two points A and ^ in D is 
defined as p{\, fi) := |log{(l -|- \bx{iJ,)\) / {1 — \bx{p)\)}, where bx denotes a Blaschke 
factor with zero at A. It is well known, see [11, 12] that p is indeed a metric, and it 
is easy to see that if \b\{p)\ is small, then p{X, p) ~ \bx{p)\. 

Fix a small constant a, < a < 0.1. For each n pick on the contour 7„ a discrete 
set an such that the points in this set are hyperbolically separated, |6a(a*)| > « > 0, 
X, p & an, X ^ p, but are dense enough, namely that for any point 2; e 7„ one can 
find a point A e (7„ for which |&a(-2^)| < ct- 



22 



SERGUEI TREIL 



It can be done by putting points A on the contour in such a fashion that hyperbohc 
discs of (hyperbolic) radius p = | log{(l + a)/{\ — a)} centered at that points cover 
the contour 7^, but that every next point (center) is chosen outside the union of 
hyperbohc disk of radius p with centers in the points already constructed. 

To show that we indeed can cover the contour this way, let us split the disk D into 
"layers" D„, := {z e ^ : I - 2^™ < < 1 - 2-™-^}, m = 0, 1, 2, . . . , and 
putting points A on the contour first in the "layer" Dq while it is possible, then in 
the "layer" £)2, and so on. By the construction the hyperbohc disk of radius p/2 
centered at points A G (J„ are disjoint. Since each "layer" Dm has a finite hyperbolic 
area, and the hyperbolic area of a hyperbolic disk depends only of radius, we can put 
only finitely many points of (T„ in each "layer". So it is indeed possible to cover all 
the contour 7„ by countably many hyperbolic disks. 

Note that the measure YliXeaS^ ~ I'^H'^a is Carleson, and its Carleson norm can 
be estimated by the Carleson norm of |d2;||7„ (arc-length on 7„), 



I Carl 



^(")||M^I|7n||Li^ ^ <B{a)\\\dz\\^, 

1 1 Carl 

By the construction points of (T„ are hyperbolically separated, so by Theorem 8.7 
the set o"„ is an interpolating set, and its interpolation constant 5 — 5{an) can be 
estimated by a constant depending only on a, 

inf rr |6^(A) I =:%„)>%) >0 

A€<Tn 

MSO'nVfA} 

Therefore by Theorem 8.3 the system {k\\\i=a^ is a Riesz basis, and its measure of 
non-orthogonality • admits the estimate 

\\R\\-\\R-^\\<C ^C{a). (10.1) 

Let Bn be a Blaschke product with zero set (7„, 

Bn-.^ n 

A€ct„ 

Note that for B^ the following estimate holds 

\Bn{z)\ < a, ^ e 7n, 

because by the construction |&a(-2^)| < o; for some A e 

The following lemma allows us to replace det ©„ by the constructed above Blaschke 
products Bn. 

Lemma 10.1. // 

supy(l - |S„(A)|^) =: X < 00 (10.2) 

AeD 
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then the condition 

sup V(l - |dete„(A)|^) <C ^C{d,d^,K,a,e,e') < oo . (10.3) 

n 

holds. 

Proof. Let /i„ be outer functions in H°° such that 

|MOI=niax{|dete„(0|,£''}, ^eT. 

Clearly ||/in||oo < 1- 

Notice that for big enough N — N{d, a, e') 

\B^{z)\ < (£')'< |dete„(z)|, ze^n. 

On the other hand on for the points ^ G T that are angular limits of points in D \ On 
the inequality |det0„(^)| > s"^ holds, thus |det©„(^)| > |/in(OI almost all such 
points. So by maximum modulus principle (wc have to use a generalization of a 
classical maximum modulus principle, see Lemma 10.2 below) 

\hn{z)\-\Bn{z)\'' < |dete„(^)|, ^eD\C»„. 

Therefore for a point 2; e D 

J] (1 - I dete„(^)n < ^(1 - \hn{z)\^\Bn{z)\''') < 

n 

<j2i^-\h4z)\')+j2{i-\B4z)n< 



<J2{l-\hn{z)f) + Nj2ii-\Bn{z)\'). 

n n 

Here the second inequality follows from a trivial estimate 

1 - aia2 = a2{l — ai) + (1 - < (1 - ai) + (1 - q;2) , < cti, a2 < 1 

By Lemma 6.4 any point 2; G D is covered by at most d = dimE' sets G D : 
I det6„(2;)| < e*^} D On (we assume that e is small enough), hence 

5](1 - I dete„(^)r) < J](l - \hn{z)\') + Nj2ii- \Bn{z)\') + d. 

n n n 

To complete the proof of the lemma we need to estimate Ylni'^ ~ \^ri{z)\'^). Let Sk 
denote a Borel subset of T such that |/iA;(C)l < 1) C ^ -Sfc and |/ife(OI = 1) C ^ I' \ -Sfe- 
By Corollary 6.6 almost all points ^ G T are covered by at most = dim£'* sets s^. 
Therefore the product Yin \^n\ converges on T and moreover 

niMOI>(^')'*, eeT. 
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Therefore, if we normalize all hn by the condition hn{0) > 0, then clearly the product 
Yin converges in D and moreover, by maximum modulus principle 

n 

It follows that 

n n 

<ew{-lj2(^-\hn{z)\')). 

n 

Therefore 

J2{^-\K{z)\')<2dAog^. 

n 

□ 

The following lemma is the maximum modulus principle we have used in the proof 
of Lemma 10.1. 

Lemma 10.2. Let Q G B) be an open set, f be a bounded analytic in Q function, 
continuous on closf2 Pi D. Suppose that |/| < 1 on D fl dfl and limsup^^^ 1/(2^)1 ^ 1 
for all points ^ G T that are angular limits of points in Q (limsup also means angular 
upper limit). Then \ f\ < 1 on D,. 

Such results are for sure familiar to speciahsts. The lemma stated above (even 
stringer version) can be found for example in [14] , see Lemma 63 there. 

10.1. Choice of e. Let 6 be the constant of uniform minimality of the system Sn = 
^QnAu,Pn^ — 1)2,..., and let CV{5/2) be the constant from Theorem 8.4. Let 
C = C{a) be the constant from (10.1). Recall that we fixed the small constant a. 
We will chose £ smaller than e from Lemma 6.4 and such that 

eC ■ CV (5/2) < 5/10 (10.4) 

The choice will be clear from what follows below. 

10.2. Reduction to "almost scalar" case. Consider a point A e an- Since by 
the construction | det©n(A)| < s'^, there exists a vector ex e E, \\ex\\ — 1, such that 
||e(A)*eA|| < 8. 

Consider a system of vector reproducing kernels {kxex}xea in H'^{E), where kx{z) — 
(1 — |Ap)^/'^(l — Xz)~^ is the normalized reproducing kernel in H^. 

Let e be the constant chosen above in Section 10.1. Let e^, e^, . . . , be a finite 
£-net for the unit sphere in E. 
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For each n split the zero set (T„ of 5„ into disjoint sets cr^, cr^, . . . , cr^ such that 
for any A G CTfe the corresponding vector ex is close to e*^ 

IIca - e''!! < £ , A e (7^ . (10.5) 

Let be a Blaschke product with zero set cr^ (if cr^ = we put B^ :— 1). Clearly 

Lemma 10.3. For Blaschke products Bn and B^ constructed above 

N 

sup J](l - \BM\') < E«^pE(1 - l^n(A)n . 
agb 7—: agb 

?i k=l n 

Proof. This lemma admits a simple geometrical interpretation and a simple proof in 
terms of imbedding theorems, but we will use the following elementary inequality: 

1 - a^ai = 0:2(1 - cci) + (1 - 012) < (1 - Oil) + (1 - 012) , 

for < ai, q;2 < 1. By induction 

1 - aia2 . . . < (1 - CKi) + (1 - 0:2) + . . . + (1 - an) , 

for < CKi, a2, . . . , q;„ < 1. □ 

11. The MAIN Lemma 

Lemma 11.1. Let /Ce„,A„,p„; n — 1,2, . . . be a uniformly minimal system of sub- 

(H^(E) \ 
r 2 / ITT \ I , and let S be its constant on uniform minimality. Let Bn be 
L [h^) ) 

interpolating Blaschke products with zero sets an and let for all n the measure of 
non-orthogonality (see Introduction) \\R\\ ■ of the family of reproducing kernels 

{^A}AeCT„ is at most C. Let e > be a small such that 

C- CV{5/2)-e< 5/10, 

where CV is the constant from Theorem 8.4- Suppose that there exists a vector e e E, 
\\e\\ — 1 such that for all n and for all A e a"„ 

||e„(A)*e|| < 2e. 

Then the system of subspaces /Cb„ C H"^ (scalar), n — 1,2, . . . is uniformly minimal 
with constant of uniform minimality at least 5/2. 

This lemma clearly implies the main result. For a fixed k the constructed above 
Blaschke products B^ and matrix functions satisfy the assumptions of the lemma 
with (T„ := (T^, e := e'^ because 

||©n(A)*e'=|| < ||e„(A)*eA|| + ||e„(A)*(eA - e'^)!! < 2e 
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for A G (J^. Therefore the system of subspaces /C^fc satisfy the Carleson-Vasyunin 
condition (CV). This imphes 

^(1 - |S^(A)n <K^ K{5) < oo , A e D. 

n 

As it was shown above in Section 10 it is enough to prove the main theorem. 

11.1. Idea of the proof of the main lemma. The idea is very simple and looks 

very naive. Suppose that the constant of the uniform minimality of the system /Cb„, 
n = 1,2, . . . is less than 6/2. That means that for a vector e J(^b„, \\fn\\ = 1 there 
exist vectors fk e /Cb^ such that ||/„ - J2k=in fk\\ < ^/2- 



Consider the spaces ICb„ 'S> e C H'^{E) imbedded in 




. It can be shown 



that the subspaces ]Cb„ are close to A^g„,a„,p„, and we are going to obtain a similar 
approximation for some G A:g„,a„,p„, ||/„|| = 1 

/n - ^ /fc|| < /fc e fCekAk,Pk ' 

that contradicts the fact that the constant of uniform minimality of the original 
system is S. 

The main trick here is that one has to take not too many summands fk in the 
approximation, so that the accumulated "round-off" error caused by the deviation 
from the scalar case does not worsen the estimate obtained for this case by more that 
5/2. Quantitatively this "not too many" is expressed by the following lemma, see 

[8, 7, 9]. 

Here and in what follows 6{{Sn}) denotes the constant of uniform minimality of 
the system of subspaces {£„,}■ We assume that S{{Sn}) = if the system is not 
uniformly minimal. 

Lemma 11.2. Let S{{Sn}) < 5 < 1. There exists a finite subset Af of indices such 
that 

Si{£n}nex) < S (11.1) 

but for any k E J\f 

Si{£n}neAf\{k}) > (11-2) 

Proof. Chose a finite set of indices J\f satisfying (11.1) (such choice is always possible 
because S{{Sn}) < S. If (11-2) holds, the lemma is proved. Otherwise remove from 
J\f a point k for which S{{Sn}neAf\{k}) < 3, check (11.2) again, and so on. Obviously, 
we eventually obtain the desired set Af, since the constant of uniform minimality of 
a system consisting of one subspace is 1. □ 
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Proof of the main lemma (Lemma 11.1). Suppose the conclusion of the lemma does 
not hold and S{{ICB„}nen < 5/2. Let us apply Lemma 11.2 with constant 6/2 to the 
system {/CB„}nGN- We obtain a finite set Af of indices such that 

diilCBjkeM) < S/2, (11.3) 

and 

S{{}CBjkeM\{n}) > S/2, Vn e Af. (11.4) 

By (11.3) there exist a vector /„ e K.b„, \\fn\\ — 1 that can be approximated by a 
vector /" G of the form 

/" = ^ fk, fk^ ) 

keAf\{n} 

so that 

ii/,-rii<5/2. 

Recall that ak denotes the zero set of the Blaschke product 8^. The vectors fk ^ I^Bk 
can be represented in the form 

fk = Yl "^^^ ' "^^^^ ^^('^) = (1 - - '^^y^ ■ 

By the hypotheses of the lemma the system of vectors {kx\x^crk is an unconditional 
basis and its measure of non-orthogonality is at most C. By (11.4) the sys- 

tem of subspaces {lCBk}k&}J'\{n} is a Riesz basis and its measure of non-orthogonality 
is at most CV{5/2). Therefore the family of vectors {kx}x^a-i c" = ^keN'\{n}(^k is a 
Riesz basis in span(/CBfc k & Af \ {n}) with the measure of non-orthogonality at 
most C ■ CV{S/2). 

So, if R — R{{kx}x^a) is a normalized orthogonalizer of {kx}xea we have 

\\R\\-\\R-^\\<C ■ CV{5/2). (11.5) 

Let fk = J2xeak ^^^^ ^® expansion of fk in the basis {kx}x&ak- Since we assume 
that the family of subspaces {)CBk}keM\{n} is a Riesz basis, the zero sets Ufe are 
disjoint, and we can write 

r = Y,cxkx. 

(recall that a = LikeM\{n}crk) 

Let /C := span{/Cefc,Afc,Pfc : k eJ\f\ {n} }. Define 

fn '■— PKe^^^^^p^fn '6) f '■— Pjcf ' 6) 

where e is the vector from the assumptions of the main lemma. By the triangle 
inequality 

ll/n - rll < win - fn ' e|| + H/" " T " e|| + ||/„e - re||. 
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The last summand is equal to 

ii/„-rii<V2. 

The first two terms are also easy to estimate. Let us for example estimate the second 



one. The subspace K, defined above is an 5'*-invariant subspace of ( 2 / 77. \ 1 , so it 



can be represented as /C = /Ce,A,p- Hence by Corollary 6.2 
lir - re\\ = dist{(^ ^ , /Ce,A,p} = ||P+e*re|| = 



Ae<T ag<t 



Since by the hypothesis of the lemma ||6fc(A)*e|| < 2e for A e a^, and since by 
Corollary 6.3 



||e(A)*e|Hdist{(^^'^"^ ,/Ce,A,p}< 



<dist{( ) , /Ce„A„pJ = ||e,(Are| 



one can conclude that 

||e(A)*e|| < 2e VA e cr. 
Applying both inequalities from Lemma 8.2 we can get 



< (2£f ||it:-^ir5]|c,r < (2£f ||i?-^in|it:|ni5]c,fc,| 



Aeo- Aeo- 



Aeo- Aeo- 

So 

lir - Tell < 2£ • • \\R-^\\ <2e-C ■ CV{5/2) < S/5. 

Similarly 

ll/n - UW <2e-C<2e-C- CV{5/2) < 6/5. 

(the inequality in the middle holds because the measure of non-orthogonality is always 
at least 1). Gathering estimates for all three summands together we have 



\\fn-h\<^S, 



WfJ = (1 - ll/n - UWY' > (1 - {S/5)T > a/24725 > 9/10, 

and so 



1 1 /nil ' fn 1 1 /nil ' / 



<5, 
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which contradicts the definition of 5 since /„ e /Ce„,A„,p„ and 

Appendix A. Proof of Bourgain's theorem on Carleson contour 

(Theorem 9.1). 

There are three main reasons for the inclusion of this proof in the paper. First of 
all, to make the paper self-contained. Second, Bourgain prove this theorem only for 
inner functions. Although his proof works in general case, formally the theorem wc 
need was not in [16]. And last, there was an inaccuracy in the proof, so we would 
like to present the corrected one. 

Let (p e H°°, \\ip\\oo < 1- The function (p can be represented (see [15]) as 

where fi is some positive Borel measure. The exponent gives the product of outer 
part of ip and its singular inner part. The absolutely continuous part of n has density 
log\(p\. 

We will call the measure u :— + (1/2) ■ X]„(l — \Xn\'^)^\n representing measure 

of (f 

The following lemma is very well known. It says that the function is small at a 
point z if either z is close to the zero of a Blaschke product part of (p of if the Poisson 
potential of the representing measure u is big. 

Lemma A.l. Let a function (p G H°° and its representation (A.l) are given. Then 

I ^-l-^du{i)<-\og\v{z)\<2\og\ [ ^^-^duiO 
J \l-^z\^ £ J \l-^z\^ 

closD closD 

provided inin \b\„{z)\ > e. 
Proof. Clearly 

I log ^{z) I = ^ ^^^\^d^^{0 + lY.^og 



1 - XnZ 



Since 



A 



n 



1 - XnZ 



2 



(1- 


\z 




An 






1 - 




XnZ 


2 



— 1 ■ := — ■ — - — and 



t < -log{l-t) <2{log-)t if 0<t<l-e, 
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one can conclude 



(1- 


\z\ 




ll 




j2 



(1-1 


\z\ 






b 


2 



(1- 


\z\ 


m- 








1 




2 



□ 

For an arc / C T let Q{I) denote the Carleson square in the closed unit disk closD 
with base I, Q{I) := {z e closD : z/\z\ e I, \z\ >1 - \I\}, and for /c > let A; • 7 
denote an ark of length A;|7| with the same center as I. 

Lemma A. 2. Let (p be a function in H°° , \\(p\\oo ^ 1? 0,^(1 let v he its representing 
measure. Let I be an arc of T, and X be a point in the upper half of the Carleson 
square Q{I) (that means A G Q{I), |A| > 1 — \I\/2), such that |v^(A)| > e > 0. Given 
a positive constant M < oo there exists a collection {Ik} of disjoint open subarcs of 
51 satisfying 



1. ^141 <Ci(logi)M-i-|/|; 

k ^ 

2. Ifz e Q{I) \ (UkQih)) and inf \bx„{z)\ > 7 then 



\og\<p{z)\-'<C2{log-){M + \og-). 

7 e 

Proof. Let V be the collection of all open (in 5/) subarcs J of 5/ satisfying v{Q{J)) > 
M\I\. By Vitali Covering Lemma there exist at most countably many disjoint inter- 
vals Jfc e V such that Dj^yJ C U^SJ^. The open set UfeSJ^ is a union of disjoint 
intervals Ik, which we are going to prove are the intervals Ik from the conclusion of 
the lemma. 

By Lemma A.l we have for the point A from the hypothesis of the lemma 



k k 



<C\I\I < C|7|log|(^(^)|-i < 



<C|7|log-. 



so the statement 1 is proved. 

Let now z e Q{I) \ {^kQ{h))- Let Tq be the interval of length (1 — |2;|) centered 
at z/\z\. Denote 7^ := 2'^7o, and let N be the smallest integer such that 27 C 7^. 
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By the construction u{Q{Ik)) < M\Ik\ and taking into account that 



|2 



< , for e e g(4+i) \ Q(4) 



one can obtain 

|2 



1 - 




ll - 





Q{In) Q{h) 

N-l ^ -. I 12 



+ I r — S^^^^^) < CM + ^ CM2-^ < CM 



Q(4+i)\Q(4 

If ^ ^ Q{21) then clearly 



,- -'CP 



where C is an absolute constant. Hence by Lemma A.l and hypothesis 
1 - 



/ 



closID)\Q(/Ar) 



/ ^-^du(0<C\og\^(X)\-'<C\og- 

closD\Q(7jv) 

□ 

Lemma A. 3. In the situation of Lemma A. 2 and given 7 > there exists a set 
0{I) in Q{I) with rectifiable boundary r(7) such that 

1. The arc-length on r(7) is a Carleson measure with Carleson norm at most 

C37[M + log(l/5)] 

2. \^{z)\<^ tfzeO{I); 

3. 1(^(^)1 >exp{-C2(log-)(M + log J)} if 

^eg(/)\{0(/)uUQ(4)} 

Proof. Define 

0(/):=[g(/)\UQ(4)]n U {^eD : |6,„(^)|<7}, 
k XneQ{2i) 

where {A„} are zeroes of (p. Then the statement 2 of the lemma is trivial. Statement 
3 follows from Statement 2 of Lemma A. 2. 
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It is easy to see that 

|r|<C7 Yl (l-|Ann<C^7KQ(2/))< 
A„eQ(2/) 



Q(2/) 

Suppose now J is a subinterval of 51. If J is contained in (J^ , then F n (5(</) = 0- 
Otherwise by the construction of the intervals Ik 

J2 (1 - |A„|^) < J^(2J) < 2M|J| . 

A„gQ(2J) 

Therefore 

|rng(j)|<C7 ^ (i - |a,|2) < C7M|j| 

a„GQ(2J) 

□ 

Proof of Theorem 9.1. The proof of Theorem 9.1 follows now a standard reason- 
ing of constructing generations of intervals in T. Take M — lOOCilog^, 7 = 
min{£, 1/(2C3[M + log(l/£)])} and 

e'{e) = exp [-C2 log ^ (M + log i) ) 

Start with first generation J^^^^ = {T}. Assume now the generation J^^*) is con- 
structed and J be an interval in Denote by T>[J) the set of all dyadic subinter- 
vals I of J such that the upper half of the Carleson square Q{I) contains a point A 
where |<^(A)| > e. Therefore 

Hz)\<e on Q(J)\ [j Q{I). (A.2) 

To each I G V^.]) we apply lemmas A.2 and A. 3 providing intervals {1^} and a region 
0{I) of g(/). Define 

^M,^ U U ^ A; = l,2,...}. 

Note that intervals in jF(^+^) are not necessary disjoint. 
By the construction for each / e T>{J) 



yi4i<— 1/1 (A.3) 

I '=1 - 100' ' ^ ' 
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For J e T^''^ let J) be the union of Q{J)\ \Jiev{j) Qi^) and U/e©(J) ^(^)- 

Take Rg := [Jj(zjr(s) Rs{J)- Thus by (A. 2) and statement 2 of Lemma A. 3 imply 
< £ on Rs{J) and therefore on Rg. 
Also by statement 3 of Lemma A. 3 

\ip{z)\>e'{e) if U R{J)\{Rs^ U ^(■^)) 

Define O — [jRs. Our construction yields |(/?| < £ on O and \(p\ > e' (e) on J]) \ O . 

The reader can easily see that (A. 3) and statement 1 of Lemma A. 3 imply that the 
arc-length on dO is a Carleson measure with Carleson norm at most 10. □ 
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